The control technique for generating whole body motions on wheel-leg robot for dynamic locomotion and balance is a challenging topic. In this paper, a whole body dynamic model is built. It consisted by the torso dynamic model, the wheel-leg dynamic model and the contact force constraint between the wheels and the ground. A whole body control frame is proposed which composed by a torso motion controller, two torque solvers, a slippage predictor and an online trajectory generator. The torso controller plans the coupling wrenches between wheel-legs and torso. The torque solvers for every wheel-leg compute joint torques based on the coupling wrenches computed from the torso controller synchronously. The contact forces can be calculated by the slippage predictor based on the joint torques, then a boolean signal will be transmitted to the online trajectories generator to indicate whether the friction cone constraint will be broken. The online trajectory generator can plan reasonable acceleration trajectory with different boolean signals. The efficiency of this control frame is illustrated by several simulations in virtual simulation environment.
I. INTRODUCTION
Mobile robots have many modes of locomotion, the leg based [1] - [5] and the wheel based modes [6] - [8] have attracted a great deal of attention in recent years. Some legged robots show excellent performance overcoming obstacles in unstructured environments, but they spend more time to execute the complicated locomotion with low energy utilization compared with wheeled robots on flat terrain. Wheel-leg robots [9] - [11] can move smoothly, efficiently and fast on flat terrain.
The most famous two wheel-leg robot (WLR) is Handle from Boston Dynamics [12] . Handle developed primarily as a research platform for exploring highly dynamic behaviors.
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The WLRs are unstable and under-actuated intrinsically. The wrenches at the contact points with wheels and ground can not be controlled. So WLRs only can maintain balance dynamically in the unstable equilibrium point depend critically with robust controllers. Therefore the robust controllers should be designed to achieve stability. Hence, the traditional approaches based on position control and static stability are not suitable for high performance locomotion and balance control of WLRs any more.
The existing control methods of wheel-leg robots consist of two parts: one part is the balance control only using wheel joints based on the simplified inverted pendulum model, the other is the motion control [13] , [14] . In [15] the dynamic model is built for the two wheeled platform to maintain the whole body balance. In [16] the wheel-leg robot is controlled for the upper and lower parts dividually. The WLR is separated at the kinematic level, the dynamic correlation between every part is neglected and the whole body dynamics for wheel-leg robot is almost no analyzed.
There are few papers that use the whole body force control for the motion control of WLRs. The whole body force control based on dynamic model is widely used for humanoid robots and quadruped robots which are very complex [17] - [19] . Their accurate dynamic models are too difficult to use for calculating the whole body torques instantly. So some assumptions and simplifications have been done to implement the dynamic force control. For instance, simplified the robot dynamics by neglecting the inertia tensor of the torso [20] ; neglected the dynamic characteristics that combines the coriolis force, centrifugal force even gravity of legs by reducing the percentage of leg mass on the robot's total mass [21] . For WLR, in order to achieve high performance locomotion and dynamic balance control, the dynamic characteristics caused by wheel-legs can not be neglected.
In papers [22] , [23] , the virtual model control is adopted that each leg is considered as a virtual actuator mounted to the torso. But the virtual model control simplified legs as straightforward virtual actuators between each supporting foot and the torso's center of mass (CoM). In [24] , the leg dynamics and torso dynamics is built firstly, then the dynamics of multilegged robot is built with the help of the coupling wrench between the legs and body. In order to maintain the dynamic balance of WLR, the wheels of WLR are not stationary refer to the inertial coordinate system. So the Jacobian matrix computed of the kinematics is not enough to control WLR. In order to achieve the dynamic force control of WLR, the whole body dynamics of the WLR should be modelled.
In this paper, a distributed modeling method is proposed. It presents multi-module form include torso dynamic model, wheel-leg dynamic models and the contact force model that is built to obtain the force at the contact points between the wheels and ground without the force sensors. Based on the distributed whole body model, the whole body control frame is constructed. It is consisted by one torso controller, two torque solvers, a slippage predictor and a online trajectory generator. With the whole body control frame, the forward speed, height and pitch angle for torso are controlled precisely. The main contributions of this paper are highlighted as follows:
1) Based on the distributed modeling method, the multimodule form model retains all the dynamic characteristics of whole body include the force interaction with torso and wheel-legs, wheels and ground, so it can be called wholebody model. This form is easy to expand when other limbs are added and easy to rewritten a integrated dynamic model of whole body.
2) The whole body control frame is used to determine the whole body joint torques based on the desired CoM motion of torso and the wheel-ground contact force constraint. The inertia force and inertia moment caused by the high-speed motion of wheel float base, coriolis force, centrifugal force and gravity of wheel-legs are all compensated for joint torques. The paper is organized as follows. The dynamic analysis and distributed model of the WLR is built in section 2. The motion control is described in section 3. The effectiveness of the proposed approach is demonstrated through simulations and experiments in Section 4. Conclusions are given in Section 5.
II. DYNAMIC MODELING
The model of WLR is shown in Figure 1 . It consists of a torso and two wheel-legs. The wheel-leg of WLR is designed with three joints which defined as the pitching hip joint, pitching knee joint and pitching wheel joint. The left part of the WLR is symmetric with its right part.
In order to let the form of the whole dynamic model suitable for control applications, a distributed dynamic modeling method is used to build the whole dynamic model of WLR. There are three major steps: build torso dynamic model, wheel-leg dynamic models and wheel-ground contact model. For the torso dynamic model, the coupling wrenches between the wheel-legs and the torso are the intuitive actuation space, the position and velocity of torso's CoM are the state space. For the wheel-leg dynamic model, the moving wheel is the floating base of each wheel-leg, the dynamic model and the friction cone constraint are developed. With the coupling wrenches, the whole dynamic model that the actuators at each joint as the actuation space can be obtained.
A. TORSO DYNAMIC MODEL
In Figure 1 , I is the inertial frame of reference and b is the torso frame which attached to the geometric center of torso. In generality, we assume the two legs as two virtual actuators for torso. Expected the external forces, all the wrenches the torso receives are two contact wrenches and gravity. The 
Based on the above-mentioned force analysis, the Newton's equation and Euler equation are shown as Eqn. 3 and Eqn. 4
where I I b is the inertia tensor matrix of the torso in the inertial frame.
The state-space equation of torso system can be formulated as Eqn. 6 by rewritten the Eqn. 3 and Eqn. 4. The output is as shown in Eqn. 6 .ẋ
] is the state variable. u = [ I F I N ] T is the input. With Eqn. 1, the state-space description of the system becomes:
B. LEG DYNAMIC MODEL
As the input of the torso system, the wrenches I f i I n i of the virtual actuators must be emulated successfully. The I f i I n i are the output wrenches in operational space of wheel-leg systems.
In order to realize the force control in operational space used model-based control methods, the dynamic model of the leg system will be analysed. Every wheel-leg has the same joint configuration, so we just analysis the ith leg.
As shown in Figure 2 , the frame 0 is attached to the wheel, the frame 1 and the frame 2 are attached to the bottom of crus and thigh respectively. The 3 is attached to the hip joint which the zero configuration is the same as 2 's. Limited by the configuration of the legs, only two force along the x-axis of the I and y-axis of the I and one torque around z-axis of the I can be exerted.
Different from the foot-leg, WLR's leg has a floating base which unattached to the world. The contact points on wheels and ground no longer still points. The interaction force and torque between cruses and wheels can drive the wheels to move.
The angular velocity vector, angular acceleration vector and linear acceleration vector of the floating base at the wheel axis are 0 ω ω ω 0 = [0 0θ 0 ] T , 0ω ω ω 0 = [0 0θ 0 ] T and 0v 0 = [c 0 a+s 0 g −s 0 a+c 0 g 0] T respect to 0 . a is the acceleration of the floating base along the x − axis of I .
Using Newton-Euler recursive algorithm, the dynamic model is built as Eqn. 8
where τ τ τ = [τ 1 τ 2 τ 3 ] T is the joints torque vector. τ 1 , τ 2 and τ 3 are the torques of ankle joint, knee joint and hip joint respectively. q = [θ 1 θ 2 θ 3 ] T is the joint configuration vector.
are the inertia matrix, centrifugal and Coriolis matrix, gravity vector respectively. Note that the gravity vector comprises gravity compensation, the angular acceleration and linear acceleration compensation to compensation the acceleration of floating base respect to I . The detail descriptions
The Jacobian matrix J is
J is a full rank matrix, so the motion of torso along x-axis, z-axis and around y-axis can be controlled independently.
When the mass of wheel-legs are big enough by contrast with torso mass, the dynamic characteristic can not be ignored. The inertia force and inertia moment of wheel-legs caused by the movement of the floating base must be compensated. The torque compensation termĜ is the estimated value of G(q,q) in Equation 8. It can be expressed aŝ
whereĜ gj ,Ĝ aj andĜ θj are the combines gravity compensation torque, acceleration compensation torque and angular acceleration compensation torque for joint j. The concrete form are:
Unlike foot-leg, there are no force sensors are utilized to the contact point of wheels and ground. So the floating base contact force dynamics must be built to achieve contact force control. The force of the floating base is analyzed and the contact force is calculated. As shown in Figure 2 , 1 f 1 is the interaction force vector between crus and wheel. Part of the reacting force of the 1 f 1 makes floating base roll forward or back. The other part is the interaction force I f 0 between floating base and ground. Therefore, I f 0 can be calculated without force sensors as: where I F 0 = [m 0 a m 0 g 0] T is the inertia force of the floating base refer to inertia frame I . F and S are the friction force along x-axis and y-axis respectively. With the known nonholonomic constraints, the floating base cannot moving along z-axis. N is the support force along z-axis. The detail descriptions of F, N and S are given as follows.
III. MOTION CONTROL
In this section, a whole body torque control frame for motion control of WLR is considered. The whole control framework is shown in Figure 3 .
A. TORSO CONTROLLER
For the planar motion, the torso subsystem actuated by two virtual actuators is a full drive system and the movement along x−axis, z−axis and the revolve around y−axis can be controlled simultaneously. In order to control the velocity along x − axisẋ b of WLR, an adaptive controller is designed refer to the literature [25] . In order to maintain the WLR's dynamic stability, the height y b and the pitch angle β of the torso are controlled to track desired values simultaneously.
The output of the torso controller can be calculated by Eqn. 12.
where W aux = f x f z n y T represents the feedback wrench based on the errors of states and W c denotes the feedforward compensation wrench based on the dynamic model of torso VOLUME 7, 2019 in Eqn. 6 .
where I I by is the torso inertia tensor around y − axis.
For velocity control, the desired motion state isẋ bd ,ẍ bd . The velocity tracking error and its time derivative are defined
The sliding variable is
where λ is a positive diagonal matrix. The feedback wrench is defined:
where sat(s) is the saturated function instead of sign(s) to avoid the oscillation around the switching surface.
where is the boundary layer. c is a adaptive parameter with the parameter update law as Eqn. (19) 
whereĉ is the estimate value of c. M is the allowable region of c. For height control, the desired position and speed are z bd andż bd , whereż bd = 0. The virtual feedback force f z can be calculated with Eqn. (20) .
For pitch angle control, the desired angle and angular velocity are both 0. The virtual feedback torque is:
B. TORQUE SOLVER
With the desired wrench output from torso controller, the joint torques of wheel-legs will be computed using Eqn. (22) to emulate the virtual actuator.
where K g ∈ R 3×3 is the positive gain.
C. SLIPPAGE PREDICTOR
In order to prevent the slip of the wheel relative to ground, the resultant force of the tangential force and the normal force must in the friction cone shown in Figure 1 . The following conditions must be satisfied.
In this work, the contact state is 3-DOF plane contact. F and S are determined by the joint torques of hip, knee and wheel. So the joint torques must be restrained. When the desired wrenches have be determined, the joint torques and the contact forces of the wheel-legs are determined too. Only when all the joint torques are executed accurately and the ground can provide enough friction, the adaptive SMC controller can maintains the dynamic balance of the WLR.
The friction coefficient of the ground is defined µ. After the desired torques τ τ τ in Eqn. (22) has been calculated and delivered to the slippage predictor. Without consideration the lateral friction S between the wheel and the ground, the friction force F and the support force N at the this moment are calculated with Eqn. (11) . The friction cone constraint in Eqn. (23) becomes the following bilateral constraint as shown in Eqn. (25).
−µN ≤ F ≤ µN (25)
It is too late when the bilateral constraint is not be satisfied. If the torques not be changed, the wheel will slide. If the torques are changed to avoid the slippage, the stability of WLR will be destroied because the discontinuous of the torques. In order to predict whether it will slip or not in the future times, a smaller friction coefficient µ − ε is used to construct the bilateral constraint as shown in Eqn. (26)
where the value of ε is ensured based on the parameters of WLR.
A boolean signal that whether the bilateral constraint Eqn. (26) is satisfied or not will be transmitted to the online trajectory generator.
D. ONLINE TRAJECTORY GENERATOR
To solve the problem of slippage fundamentally, the desired trajectory along x − axis should include an adaptive replanning capability. When the mass of the legs is roughly 10% of the robot's total mass, the reacting force of the movement of legs from the contact point between the wheel and the ground as shown in Eqn. (10) can be simplified as Eqn. (27):
From Eqn. (27), we find that the acceleration along x axis of torso is positive linearly relationship with the friction F.
After known the target velocity v target , a quintic spline interpolation is projected as the desired velocity which can guarantee the smooth desired acceleration. When the boolean signal from slippage predictor is 0, the desired velocity and acceleration are the reference velocity and acceleration. When the boolean signal is 1 at time t, the accelerationẍ b (t) is assigned toẍ bmax and the desired velocity and acceleration would re-planed. Before the Eqn. (28) is satisfied, the reference acceleration is equal toẍ bmax , the reference velocity is gained by integrate theẍ bmax . Otherwise, decelerating phase is start to plan.
T para ≤ẍ bmax (28) whereẋ b (t) is the velocity at time t. T para is a time parameter, the bigger of the value of T para , the longer and better stability of the decelerating phase.
In the decelerating phase, the reference acceleration is planed as Eqn. (29).
where the t dece is the time from the start of decelerating phase to the present instant. In order to balance the time-varied inertia force caused by the varying acceleration along x − axis, the relative position of the center of mass(CoM) of torso and the contact point between the wheel and the ground along x − axis is not equal to 0 m. There is a constraint relationship betweenẍ b and y b as shown in Equation because of the limited workspace of the leg.
When theẍ b is big enough, the desired value of y b should be re-planed.
The flowchart of slippage predictor and online trajectory generator is shown in Figure 4 .
IV. SIMULATIONS
In order to prove the effective of the control framework, a wheel-leg robot is built in Webots 8.4.0 as shown in Figure 7 . Two simulations are implemented by co-simulation between Webots 8.4.0 and Visual Studio 2017. The controller frequency is 1000Hz. Even though the model built in Webots is 3D, only sagittal plane movement is presented for each example by divided the coupling wrench W d to the left wheel-leg and the right wheel-leg. There are encoders at every joint, an inertial measurement unit(IMU) mounted on the CoM of torso, and a 3-axis accelerometers on the below of every calf. The mass of torso is 40kg. The mass of wheel is 2kg. The mass of crus and thigh are both 1kg. The length, width and height of torso are 0.3m, 0.2m and 0.2m respectively. The radius of wheel is 0.15m. The length and radius of crus and thigh are both 0.5m and 0.03m respectively. A video recording of the simulations can be found in https://youtu.be/VdKHIszprLw.
Two sets of simulations are presented in this section. The first one is velocity control and the second one is slippage control.
A. VELOCITY CONTROL
The control objective is to regulate the forward speed of the CoM with respect to the reference velocity expressed in the world frame. The vertical position of the CoM and the pitch angle of the torso are controlled around a constant value to maintain the balance simultaneously.
The reference velocity is given by two continuous timevarying quintic spline interpolation. The first segment is the quintic spline interpolation from 0m/s to 5m/s spending 3 seconds. The second segment is the quintic spline interpolation from 5m/s to 0m/s spending 3 seconds. The acceleration alone x − axis reaches its maximum 2.5m/s 2 when 1.5 seconds and 4.5 seconds. The constant values of the height of CoM and the pitch angle of the torso are 1.2648m and 0rad respectively. The 2D view of attitude change of the WLR in the acceleration and deceleration process is shown in Figure 5 . The snapshoot is shown in Figure 6 . In the acceleration process, the CoM of the WLR is on the front of the supporting point and in the deceleration process, the CoM of the WLR is in the rear of the supporting point to maintain the dynamic stability. The whole WLR with torso and legs can maintain the force balance all the time.
The torso controller is composed of Eqn. (17) , Eqn. (20) and Eqn. (21) . After the f x , f z and n y are known, the torque resolver based on Eqn. (22) of left leg and right leg are used to solve all the joint toques. The tracking performance of horizontal velocity, height and the pitch angle of torso are shown in Figure 8 , Figure 10 and Figure 11 . They are clearly indicate that the controller can maintain excellent trajectory tracking and the balance control simultaneously. As Figure 12 shows, the tracking error of horizontal velocity is changing with the change of the accelerate. After many times of simulations, we find that the bigger the accelerate is, the bigger the error is. At 1.5 seconds and 4.5 seconds, the error are −0.1204m/s and 0.1328m/s respectively. The velocity error never account for more than 2.656% of the reference velocity. The effective control of the torso's height and pitch (Figure 11 and Figure 13 ) can ensure the stability of WLR. The tracking error of height is from −0.002573m to 0.00484m and the biggest error is 4.84mm (Figure 13 ). The tracking error of pitch is from −0.0184rad to 0.0169rad and the biggest error is 0.0184rad. The virtual force curves of I f 1x I f 1y and the virtual torque curve of I n 1z are shown in Figure 14 . The torques of every joint are plotted in Figure 15 to show that the knee joint's torque is fluctuating around 45N .m, the hip joint torque and the ankle joint torque are 0N .m when the horizontal acceleration is zero. Figure 16 shows the power of every joint. The ankle joint motor should have larger power than knee and hip joint motors because of its high rotate speed. The power of ankle joint motor cannot be less than 300W . 100W and 10W can satisfy the requirements of knee and hip joint motor respectively. They have guiding significance for motor selection, motor configuration and performance estimation.
B. SLIPPAGE PREDICTABLE AND ONLINE TRAJECTORY PLANNING
In this subsection, the performance of slip predictable and online trajectory planning control are demonstrated. The static friction coefficient of the ground µ is set to 0.15 to simulate the icy roads. ε is equal to 80% of µ to maintain the system has enough stability margin. The initial Figure 17 . From 0 second to 1.115 second, the reference velocity is the initial desired trajectory. At 1.115 second the friction cone constraint as shown in Eqn. (26) is broken, the new velocity trajectory is generated by the online trajectory generator which is the blue line in Figure 17 . From 1.115 second to 1.719 second, the reference velocity is gained by integrate theẍ bmax . At 1.719 second, Eqn. (28) is satisfied, the decelerating phase is start to plan using Eqn. (29). At 3.522 second, the reference velocity reaches 3m/s and the horizontal acceleration is 0m/s 2 . The demand of friction coefficient can be calculated by F/N . Figure 19 shows it using blue line and it within the scope of the maximum friction coefficient µ = 0.15.
V. CONCLUSION AND FUTURE WORK
In order to achieve the high performance locomotion and balance control of WLR, this paper has proposed a distribute whole-body dynamic modelling method and a whole-body control frame. The whole-body dynamic model is separated for the torso dynamic model, the wheel-leg floating base dynamic model and the wheel-ground contact dynamic model. The distribute dynamic model retains the dynamic correlation of the torso and the wheel-legs with the wrenches at the coupling point between the torso and wheel-legs. With the distribute dynamic method, the whole-body model is easy to expand, when adding arms or other limbs, only the new part need to be modeled. Based on the modular dynamic model, the dynamic model feedforward compensation and the adaptive state feedback constitute the torso controller in the whole-body control frame. The state feedback part include one adaptive slide mode controller to control the torso's forward speed tracking the reference trajectory, two PD controllers to maintain the height and the pitch angle of torso. The torque solvers in the whole-body control frame are constructed based on the wheel-leg model. The whole-body control frame can divide the computational load to the one torso controller and the two torque solvers. The two torque solvers running in parallel to improve the computational efficiency. This control frame allows for compliant and robust locomotion since it allows the reduction of the position gains without sacrificing tracking performance.
With the control frame, the WLR accomplish rapid acceleration and deceleration along forward direction and the dynamic balance. The maximum acceleration is 2.5m/s 2 and the maximum error of the torso height tracking and the torso pitch tracking are 4.84mm and 1.05 • respectively. The errors are small enough to verify the excellent control quality of WLR.
In the future, the control frame would be to extend to the three-dimensional movement. In order to achieve the underdrive system's whole body optimal torques, the multi-module model will be rewritten as the integrated dynamic model. Then with multi-step model prediction technique to optimize the distribution of the whole body torques. 
